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In the present paper we consider the shift operator S on the Wiener algebra W (D) of
analytic functions on the unit disc D of the complex plane C. A complex number λ is called
an extended eigenvalue of S if there exists a nonzero operator A satisfying the equation
AS = λSA. We prove that the set of all extended eigenvalues of S is precisely the set D,
and describe in terms of multiplication operators and composition operators the set of all
corresponding extended eigenvectors of S.
© 2009 Elsevier Ltd. All rights reserved.
1. Introduction
Let B (X) be a Banach algebra of all bounded linear operators acting in the Banach space X . A complex number λ is an
extended eigenvalue of the operator A if there exists a nonzero operator B such that AB = λBA. In this case, an operator
B is called an extended eigenvector for the operator A. The sets of all extended eigenvalues and extended eigenvectors of
operator Awill denoted by ext(A) and Ext(A), respectively (For more details, see Biswas, Lambert and Petrovic [1]).
Note that on the finite dimensional spaces the extended eigenvalues and eigenvectors of operators are completely studied
by Biswas and Petrovic [2, Theorem 2.5 and Corollaries 2.6, 2.7 and 2.8] and Lambert [3], and the references therein.
In this article, we show that the shift operator S, Sf (z) = zf (z), on the Wiener algebra W (D) possesses nontrivial
(i.e., λ 6= 1) extended eigenvalues. Namely, we prove that the set of extended eigenvalues is the closed unit disc D (see
Theorem 1 below).
2. Extended eigenvalues and extended eigenvectors of S
In this section, we investigate the sets of extended eigenvalues and extended eigenvectors of the shift operator S on the
Wiener algebra
W (D) :=
{
f (z) =
∞∑
n=0
f̂ (n) zn ∈ Hol (D) : ‖f ‖ =
∞∑
n=0
∣∣̂f (n)∣∣ < +∞} .
We will show that the set of all extended eigenvalues of S is nonempty and is equal even to the set D.
Note that if f (z) =∑∞n=0 f̂ (n) zn ∈ W (D), then
Sf (z) = zf (z) , f ∈ W (D) .
From this it is clear that if Sf (z) = 0, then f = 0, which shows that ker S = {0}. This shows that if A(λS) = SA, then λ = 0
is not an extended eigenvalues of the operator S. We also describe the corresponding extended eigenvectors of S.
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The main result of this paper is the following theorem, which shows that the set of extended eigenvalues of the shift
operator S on the Wiener algebraW (D) coincides with D.
Theorem 1. (a) The set ext (S) of extended eigenvalues of the shift operator S on the Wiener algebra W (D) lies in D.
(b) If |λ| ≤ 1 and A ∈ B (W (D)) is a nonzero operator, then AS = λSA if and only if A = MA1Cλ, where MA1 is the
multiplication operator in W (D) and (Cλf ) (z) = f (λz) is a composition operator in W (D).
(c) ext (S) = D.
Proof. (a) Let us show that if λ ∈ C \ {0} and |λ| > 1, then λ cannot be an extended eigenvalue of the operator S. Really,
suppose, on the contrary, that there exists a nonzero operator A ∈ B (W (D)) such that
AS = λSA.
Then, by considering that S is an isometric operator inW (D) (i.e., ‖Sf ‖ = ‖f ‖ for every f ∈ W (D)), ‖SAzn‖ = ‖Azn‖. Then
we have:∥∥Azn+1∥∥ = ∥∥ASzn∥∥ = ∥∥λSAzn∥∥ = |λ| ∥∥Azn∥∥ ,
and hence,∥∥Azn+1∥∥ = |λ|n+1 ‖A1‖ → ∞
as n→∞, which is a contradiction. Thus ext (S) ⊆ D.
(b) Suppose that |λ| ≤ 1 and AS = λSA. Then,
ASn = λnSnA
for all n ≥ 0, from which we have that
λnznA1 = Azn, ∀n ≥ 0,
and therefore
Ap (z) = A1p (λz) = A1Cλp (z) ,
for all polynomials p ∈ P , and consequently
Af = A1Cλf ,
for all f ∈ W (D), which shows that
A = MA1Cλ,
as desired.
On the other hand, it can be shown that an operator A of the form A = MA1Cλ is the solution of the equation
AS = λSA.
Indeed, for every f ∈ W (D)we have that
(ASf ) (z) = (MA1CλSf ) (z) = MA1Cλ (zf (z))
= MA1λzf (λz) = λA1 · (zf (λz))
= λ (zA1) f (λz)
= λSMA1Cλf (z) = λSAf (z) ,
which completes the proof of (b).
(c) Clearly, (a) and (b) implies (c), which proves the theorem. 
Recall that a composition operator Cθ , acting in the Wiener algebra W (D) (which is a subalgebra of the disc algebra
CA (D)), is defined as
(Cθg) (z) = (g ◦ θ) (z) = g (θ (z)) ,
where θ : D → D be a suitable analytic function. In the following corollary we are interested in determining whether a
composition operator can be an extended eigenvector of S. (Obviously Cλ = Cλz .)
Corollary 1. Let |λ| ≤ 1. If
CθS = λSCθ ,
then θ (z) = λz with |λ| = 1.
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Proof. Indeed, it is clear that Cθ1 = 1. Then according to Theorem 1, if
CθS = λSCθ ,
then
Cθg (z) = g (λz) = Cλg (z)
for all g ∈ W (D), which implies that Cθ = Cλ, that is θ (z) = λz. Hence
CλS = λSCλ. (1)
On the other hand, by calculating the powers (CλS)n and by considering that S is an isometry onW (D), it is easy to see that
r (CλS) = |λ| r (Cλ) and r (Cλ) 6= 0 (because 1 ∈ σp (Cλ)), and thus r (CλS) 6= 0 (where r(X) denotes the spectral radius of
operator X). Therefore, since r (CλS) = r (SCλ), it follows from equality (1) that |λ| = 1. This proves the corollary. 
In conclusion, remark that the description of the extended eigenvectors of a given invertible linear bounded operator
T on the Banach space X is very important for the study of the so-called Deddens algebras BT defined by (see Karaev and
Mustafayev [4])
BT :=
{
A ∈ B (X) : ∥∥T nAT−n∥∥ ≤ CA, n = 0, 1, 2, . . .} .
Indeed, let |λ| ≤ 1 and 0 6= A ∈ B (X) be any operator satisfying TA = λAT . Then for all n ≥ 1 we have∥∥T nAT−n∥∥ = ∥∥T n−1 (TA) T−n∥∥ = ∥∥T n−1 (λAT ) T−n∥∥
= |λ| ∥∥T n−1AT−(n−1)∥∥
= · · ·
= |λ|n ‖A‖
≤ ‖A‖ ,
which shows that A ∈ BT , that is Ext (T ) ⊂ BT . This shows that algebra BT is larger than the commutant of T when T has
an extended eigenvalue λwith |λ| ≤ 1, such as the operator S.
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